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Abstract

Choice of tuning parameters influences the performance of non-stationary extreme value modelling for peaks over
threshold using the generalised Pareto (GP) distribution. We examine the effect of tuning parameter choice on
maximum roughness-penalised likelihood estimation of GP models, the shape and scale parameters of which are
assumed to vary smoothly on a one-dimensional “directional” covariate domain, under a B-spline representation. We
examine the effect of (a) extreme value model parameterisation, (b) relative roughness penalty of GP parameters as
a function of covariate, (c) cross-validation strategy for roughness parameter tuning, and (d) estimator for return
value, on the estimation of return values corresponding to return periods 1000x the period of a sample of size 1000.
Bootstrap resampling is used for thorough uncertainty quantification. We also compare results with those from
stationary inference.

Results from a large simulation study of 16 cases broadly representative of North Sea conditions for significant wave
height with direction, indicate that (i) multiple two-group cross-validation yields lower return value estimates that
ten-group cross-validation (leading to negative bias on average, for the case studies considered), (ii) the quantile of
the bootstrap predictive estimator yields larger values than the mean over bootstraps of the quantile estimate (leading
to reduced omni-directional bias for the case studies considered). Further, (iii) the use of stationary models for non-
stationary tails is only reasonable when a high extreme value threshold is set for the stationary analysis. However, (iv)
the relative performance of different modelling strategies is sensitive to the specific characteristics of the case study.

Keywords: extremes; non-stationary; generalised Pareto; return values; tuning parameters; bias; mean-max
parameterisation

1. Introduction

1.1. Motivation

Recent years have seen important improvements in methodologies to characterise extreme ocean environments. Some
of these have emerged naturally on the interface of applied statistical modelling and metocean engineering (e.g. Vanem
et al. 2022 and references therein). For example, the effect of directional and seasonal variation of ocean conditions
has long been a concern, and various ad-hoc procedures developed to accommodate it. As a result, hierarchical models
and software have been introduced allowing rigorous non-stationary extreme value analysis (e.g. Davison and Smith
1990, Chavez-Demoulin and Davison 2005, Randell et al. 2015, Youngman 2022, Wood 2023, Southworth et al. 2024,
Towe et al. 2024). Developments in methodologies for multivariate extremes have facilitated the introduction of more
rigorous methods for estimation of joint criteria (e.g. Heffernan and Tawn 2004, Hansen et al. 2020, Murphy-Barltrop
et al. 2024, Mackay et al. 2025), again replacing earlier more ad-hoc approaches (e.g. Haver 1985, Forristall 2004, Feld
et al. 2019). The need to quantify uncertainties resulting from fitting models to data, and to incorporate uncertainty
in decision-making, is acknowledged. There is increasing recognition that the specification of metocean design in terms
of return values and similar summary statistics is inadequate, and that the future lies in full probabilistic modelling of
the environment and of environment-structure interaction, leading to quantification of risk (e.g. Serinaldi 2015, Towe
et al. 2021, Speers et al. 2024) and hence optimal decision-making.

Adopting more recent methodologies for real-world marine design presents the metocean engineer with different
practical challenges. The new methodologies are usually conceptually and computationally more complex, and more
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cumbersome to use well (e.g. Jones et al. 2018, Hansen et al. 2020, Swan 2020, Gibson 2020). We need to think
carefully about how to set up a complex inference, and how to confirm that results from the inference are reasonable.
Implementations of statistical component models have perhaps not been made sufficiently resistant to the realities of
practical application. Recent methodological advances have undoubtedly improved the potential for full and accurate
characterisation of extreme ocean environments; but used unwisely without sufficient care and awareness of pitfalls,
they can lead the metocean practitioner astray (e.g. Standard Norge 2022).

1.2. Metocean design using non-stationary extreme value analysis

Section 3 of Randell et al. (2015) outlines a typical implementation of non-stationary extreme value analysis, similar
to those of Ross et al. (2017), Hansen et al. 2020, Gibson (2020) and Towe et al. (2024). The modelling procedure
requires that high-level modelling choices are made prior to analysis. We will show in this paper that these choices
can have a material effect on the quality of inference.

Suppose that the magnitude Y of peaks-over-threshold of storm peak events, assumed conditionally independent
given covariates, follows a non-stationary generalised Pareto (GP) distribution, with shape £ (€ R) and scale o
(> 0), conditional on exceeding some covariate-dependent threshold % (> 0). The support of the generalised Pareto
distribution is (1, y™) (where y*™ =1 — o /¢ for £ < 0 and = oo otherwise). The corresponding conditional probability
density function is

1 T
Frix(ole) = 7251+ 55— vl@) /e (1)
where all of ¢, 0 and £ in principle are smoothly-varying functions of covariates X = (X1, Xo, ..., X;) (including e.g.
storm direction, season, climate indices) defined on domain D. In a similar fashion, the annual rate of occurrence of
threshold exceedances p(x) (> 0) at X = x can be estimated using a non-stationary Poisson model as explained in
Randell et al. (2015); further, the non-stationary extreme value threshold ¢ (x) (> 0) can be estimated for example
using a non-stationary quantile regression. Estimating optimally smooth forms for each of i, o and £ with covariates
is the objective of the statistical inference.
The metocean engineer is often ultimately interested in estimating the return value of Y corresponding to a return
period of T years, where T' > 100. To achieve this, we use the fitted model first to estimate the cumulative distribution
function of the annual maximum (threshold exceedance) event A

Fal) = 3 AP o @)

where pa (> 0) is the expected number of threshold exceedances per annum over the whole of D, and Fg is the
cumulative distribution function of a random storm (above threshold) given by

Fr(y) = L FY\X(y|m)fX($13) dex. (3)
where fx(x) is the density of threshold exceedances on D, such that

p(x) = pafx(x). (4)

The return value yr is then given by the 1 — 1/T quantile of F4

1
F A (yT) =1 T. (5)
It can be useful to evaluate the relative performance of different approaches to non-stationary extreme value analysis
by assessing the bias and variance of estimates for y from different methodologies. In reality, of course, estimates (from
the inference) for the quantities in Equations 2-5 must be used in order to estimate the return value. Specifically,
different high-level choices in the modelling procedure may result in different estimates for ), and £, and hence
differences in estimates for yr.

1.3. Objectives, outline and novelty

The objective of this work is to quantify the importance of making apparently arbitrary high-level modelling choices
wisely in non-stationary extreme value analysis for metocean design, and specifically to quantify different sources of
uncertainty in estimation of return values from non-stationary extreme value analysis of peaks over threshold, using



maximum roughness-penalised likelihood methods. As outlined in Section 2, we will focus on four choices, namely that
of (a) the extreme value model parameterisation (i.e. the choice of variables with which to define the GP model, e.g.
shape £ and scale o as in the standard parameterisation of Equation 1), (b) the relative roughness of GP parameters
as a function of covariate, (¢) the cross-validation strategy for hyper-parameter tuning and (d) the estimator for return
value subject to uncertainty. We hope to show that the metocean engineer can make these practical choices wisely,
leading to improved estimation of return values. Section 3 then provides two motivating applications for the work,
namely the estimation of non-stationary extreme value analysis of peaks over threshold of storm peak significant wave
height (Hg) as a function of direction for locations in the northern and southern North Sea. Modelling choice (a)
involves the adoption of different extreme value model parameterisations, explained in Section 4. Section 5 illustrates
the impact of choices (a)-(d) in estimating return values from samples of data simulated from specific underlying
models, chosen in part such that the simulated samples have characteristics similar to those observed in the northern
and southern North Sea. For comparison, the performance of non-stationary GP models for threshold exceedances
is also compared with that of a stationary GP model. A discussion and conclusions are provided in Section 6. A
limited number of supporting figures are given in the Appendix. Derivations of asymptotic covariance matrices for
maximum likelihood estimates of generalised Pareto parameters, for standard, orthogonal and (relatively novel) mean-
max parameterisations, are given in the Supplementary Material (SM), together with supporting material for the
discussion in Sections 5 and 6.

Non-stationary extreme value analysis offers considerable potential to improve metocean design, but the associated
statistical methodology is relatively complex, and must be applied carefully and thoughtfully. The novelty of the current
work is that it provides a systematic quantitative study of the effects of key high-level non-stationary modelling choices
on the quality of estimation of return values corresponding to long return periods. The article also provides a concise
introduction to a parameterisation of the GP distribution with negative shape parameter, in terms of its mean and
upper end point, which we believe may prove useful in the context of modelling non-stationary metocean extremes.

2. Practically important modelling choices

We choose to quantify the effect of four sources of uncertainty in estimation of return values using maximum roughness-
penalised likelihood methods, introduced in Section 1.3. Sections 2.1-2.2 explain the potential influence of choices
(a)-(d) from Section 1.3 on the inference. These choices are intended to represent the kinds of high-level modelling
decisions necessary in setting up a typical analysis, which are often made on the assumption that their effect on return
value estimates will be small.

For definiteness, consider a GP model for a sample D = {y;, x;}; of peaks over threshold ¥ and a single covariate X
defined in terms of a set of unknown parameter functions (o, £), where each of o and £ is a continuous function (o (x),
&(z)) defined on covariate domain € D C R for the non-stationary extreme value analysis. We seek to estimate the
pair of functions (¢,&) from D using maximum penalised likelihood estimation. The variation of a parameter n(zx),
n € {0,&} for © € D might itself be represented e.g. as a spline, Gaussian process or Fourier series (see, e.g. Jones
et al. 2016; see also Richards and Huser 2024 for discussion of artificial neural networks). For clarity, and in order
to focus on the estimation of uncertainties induces by the extreme value fitting, we assume that the extreme value
threshold v and the rate of occurrence p of threshold exceedances are both known throughout.

2.1. Model parameterisation

The sample negative log likelihood ¢(c, £|D) is evaluated using Equation 1

(0,€|D) = = log fy|x (yilx:) (6)
i=1
and the roughness penalised likelihood by

(0,8 AD) = £(0, €| D) + Ao R(0) + A R(E) (7)

for roughness coefficient vector A = (A\,, A¢), where R(n) is the marginal roughness of function n(x), for n € {0,£} on
D. For example, we might define R(n) using

R(n) = /D (" (2))?dx (8)

where 1’ (z) is the second derivative of n(z) with respect to 2 on D, with appropriate adjustment for periodic covariates
such as direction or season. The objective of maximum penalised likelihood estimation is then to select an optimal



value A° of X and corresponding values (3)‘072 ao) of (0,&) which maximise the predictive performance of the model
on independent test sample D°, so that

GUNE argmin 0*(0,€,\|D) (9)

for a given A, and then

A° = argmin €(3A7§AA|D°). (10)
A

Now consider a transformation of variables defined by («, 8) = g(0,£), for x € D. In terms of transformed variables,
the penalised likelihood becomes

t*'(a, B, N'|D) = (v, B|1D) + A, R(ct) + Nz R(B). (11)

for X = (M, Ag). When A = X' = 0, we expect that unconstrained minimisation of #(«, 5|D) with respect to (a, 3)
would yield the equivalent solution to unconstrained minimisation of £(c, | D) with respect to (o, ). However, there is
no reason to expect that solutions to the penalised likelihood problems in Equations 7 and 11 for (o, §) and («, 8) with
A, A\ # 0 would be equivalent, due to the presence of different marginal roughness penalty terms R. Hence, solutions
from maximum penalised likelihood are not invariant to transformation of variables in general. This highlights the
importance of considering different parameterisations of the generalised Pareto distribution for non-stationary extreme
value inference using penalised likelihoods.

In passing we note from a Bayesian perspective that the combined choice of model parameterisation and roughness
penalty amounts to a particular choice of parameter prior for the inference, and that particular choices may physically
be more plausible. A procedure for estimating tuning parameters A is fundamental to estimation of functional forms for
the variation of £ and ¢ on the covariate domain. In the current work, we use maximum penalised likelihood estimation
and cross-validation to achieve this, but an equivalent procedure would be necessary regardless of the estimation method
adopted. Below, we evaluate the relative performance of two model parameterisations, the orthogonal parameterisation
(e.g. Cox and Reid 1987), and a relatively new so-called mean-maxz parameterisation. These parameterisations are
presented in Section 4. For comparison, we also evaluate the performance of stationary GP models (equivalent to A =
00). We also note that assuming roughness parameters A to be constant on D is itself a modelling choice. It is possible
that for a given application, allowing roughness parameters to vary in some way on D would be more appropriate
physically; combining constant roughness with covariate models incorporating non-linear monotonic transformations
of the covariate would be one means of achieving this.

2.2. Relative roughness penality for parameter functions

Inspection of Equation 7 shows that both roughness parameters A, and A¢ need to be estimated using the cross-
validation scheme, involving multiple model fitting over a 2-D grid of potential values for the roughness parameters; this
can be computationally demanding. An alternative approximation, reducing the computational burden considerably,
is to fix the ratio A¢/A, to some constant £ > 0. We might then re-write Equation 7, with A replacing A, as

(0,8 A kD) = £(0,§|D) + M(R(0) + £R(E)). (12)

In the standard parameterisation of the GP distribution (see Equation 1 for the corresponding density), setting
k > 1 would penalise the GP shape parameter with covariate more than the GP scale parameter; since the sample is
generally less informative for the former, this makes intuitive sense. However, the best choice of constant is not clear,
and in general problem-specific. Moreover, the choice of constant ratio of roughnesses is also dependent on the GP
parameterisation selected. In our numerical study (Section 5) we consider the cases £ = 10 (found to be reasonable in
historical applications) and x = 50 for the orthogonal GP parameterisation; the latter choice penalises the roughness
of £(x) on D even more strongly.

2.8. Cross-validation strategy

In maximum penalised likelihood estimation, a popular procedure to select optimal values of A and hence of (o, £)
(for fixed k) is cross-validation. Typically in a cross-validation scheme, the full sample D is partitioned in some
way into C' > 1 disjoint sets D1, D3, ..., D¢. Then, in turn for ¢ = 1,2,...,C, subset D_, = U?C,:Lc/#c}Dcr is used
as a model training sample (in place of D in Equation 9) for parameter estimation for specified A, and predictive
performance assessed using withheld set D, (in place of D° in Equation 10). The value of A\° is then selected to be
that which minimises the sum of predictive negative log likelihoods over the set of C' withheld sets. In general, different



cross-validation strategies (e.g. different partitioning strategies, values of C') will yield different choices of A\° and of
(o, g}o) (see e.g. Joseph 2022, Risk and James 2022, Aghbalou et al. 2023, Bates et al. 2023, Lopez et al. 2023, Yates
et al. 2023). For extreme value analysis, it might appear advantageous that C be relatively large, so that each choice
of D_., c=1,2,...,C is a good basis for estimation of the tail of the distribution from which D is drawn; however,
using this strategy, each of the withheld sets D. would be small, resulting in an uncertain estimate of the penalised
likelihood on the withheld set. The “opposite” approach would be to set C as small as possible (C' = 2), for which the
training sample D_, would be relatively small, but of approximately the same size as the withheld set D.. The full
cross-validation “loop” requires the estimation of C' models; the computational complexity of the full cross-validation
is therefore higher for large C'. Because the partitioning of D is typically performed at random, the choice of random
partition is a source of uncertainty in inference, particularly for small C'. For small C, it is therefore desirable to
perform the cross-validation R > 1 times for different random partitions of D, and choose A\° to maximise average
predictive performance over all partitions. In general, we see that it is not clear how to specify the cross-validation
strategy (e.g. the choice of C) which leads to the best-performing model in a given application. It may be however
that a particular choice of C yields better model performance for an application of a given type. In our numerical
study (Section 5) we consider the cases C' = 10, R = 1 (found to perform reasonably in historical applications) and
C =2,R=50.

2.4. FEstimate for return value

Parameter estimates (o, E a0 ) from the inference are uncertain. In a frequentist setting, this uncertainty is typically
estimated using bootstrap resampling. That is, the whole inference is repeated for a total of B bootstrap resamples D?,
b=1,2,..., B of the original sample D, yielding a set of optimal roughness coefficients A\>* and corresponding parameter
estimates (3§0,@\0) which can be used further to quantify uncertainties in subsequent inferences for quantities such
as return values. However, in general, it is not clear how to exploit the set of parameter estimates {31)’\0,@’\0 }le
to estimate return values well (e.g. with low bias and variance). Given the cumulative distribution function Fy of
the annual maximum event A, the T-year return value is defined using Equation 5. However, F4 cannot be inferred
exactly from data, but we can estimate it using the bootstrap parameter estimates (35)’\0 , g’\o), b=1,2,..., B. Writing
our estimate for 4 from bootstrap inference with index b as F'y); for brevity, it is nevertheless not clear how to best
combine the different estimates Fy5, b = 1,2, ..., B to provide the best performing estimates of return values. Jonathan
et al. (2021) discusses two approaches. The first approach estimates the return value as

B
1 ) 1
MQ(T) = & bZFA‘b <1 - T) : (13)
=1
This estimator is the (predictive) mean over bootstraps of the quantile of the distribution of the annual maximum.

For this reason, this estimator will be referred to as the mean quantile estimator MQ below. The second estimator
first requires estimation of the (predictive) distribution F4 of the annual maximum over bootstraps

B
Faly) = éZFA\b(y)' (14)
b=1

The return value estimator is then given by the appropriate quantile of Fa

QM(T) = £ (1~ 7). (15)
The QM estimator is the quantile of the predictive mean distribution over bootstraps. For this reason, this estimator
will be referred to as the quantile mean estimator below. Jonathan et al. (2021) showed, using a combination of
theoretical arguments and numerical simulations, that MQ and QM estimators have predictable and markedly different
bias characteristics for small samples, and that QM estimates can be much larger that those from MQ, for sample
characteristics corresponding to typical metocean data. The current work can be thought of in part as extending
Jonathan et al. (2021), which addressed fundamental bias issues in extreme value modelling of stationary peaks over
threshold from finite samples, to a more practically important setting, incorporating non-stationarity with respect to
covariates.

In passing we note that differences between MQ and QM estimators are not confined to inference using penalised
likelihood estimation; similar behaviour is observed in a Bayesian setting. In general, therefore, it is not clear which
estimator of return value provides the best estimates in practical application of non-stationary extreme value analysis,
in particular using maximum penalised likelihood inference. It is also often unclear which characteristics of return



value estimates are most important in a particular application setting (e.g. low bias, low variance, conservatism): what
exactly does “best estimate” mean? Probably the best approach would be to evaluate the inference in terms of the
expected cost of the decisions made using it (e.g. Berger 1985, Speers et al. 2024). In our numerical study (Section 5)
we consider both MQ and QM estimators.

3. Motivating application

We motivate the current study using data for storm peak significant wave height (Hg) from a locations in the northern
and southern North Sea, which show clear directional variation in the characteristics of Hg (Figure 1). The data are
drawn from the NORA10 hindcast of Reistad et al. (2011) for the period 1957-2012, with storm direction indicating
the direction from which the storm emanates, given clockwise from North. The left panel of Figure 1 indicates the
sheltering effect of the Norwegian coastline for directions € (50,210) and the focussing of Atlantic storms by the
coastline around 230°. The presence of large storms approaching from the north from the Norwegian Sea is also clear.
The right panel of Figure 1 indicates broadly similar structure, except that storm severity is reduces markedly. In this
case, however, the increased rate of occurrence of events at around 230° is due to storms from the English Channel.
The largest events approach from the north, travelling down the North Sea. The general characteristics of Figure 1

Northern North Sea Southern North Sea
T T

15

15

Hg ()

Direction (degrees) Direction (degrees)

Figure 1: Illustrations of the variation of storm peak significant wave Hg height with direction for locations in the northern North Sea
(left) and southern North Sea (right). Direction is the direction from which the storm emanates, clockwise from North.

include the presence of covariate intervals on which (a) the rate of occurrence of events is low, and (b) the rate and
size of events changes rapidly. We are interested specifically in evaluating the effects of high-level modelling choices
on the quality of inference for North Sea applications with these characteristics.

4. Generalised Pareto model parameterisations

As discussed in Section 2.1, model parameterisation can influence inferences from a maximum penalised likelihood
analysis of non-stationary extremes. We now summarise three parameterisations of the GP distribution, namely
the “standard” scale and shape parameterisation (Section 4.1), the orthogonal parameterisation (Section 4.2) and
mean-max parameterisation (Section 4.3). Both the orthogonal and mean-max parameterisations are applied in the
numerical study of Section 5. For simplicity of presentation, we suppress dependence on covariates, and assume the
extreme value threshold to be zero.

4.1. Standard (o0,&) parameterisation

Assume that Y follows a GP distribution with standard parameterisation, for zero threshold, scale o > 0, shape
& € R. The cumulative distribution function Fs of Y is then

-1/
Fi(y;0,8):=1— (1—&—?) (16)

where the support of Y is [0,00) if £ > 0 and [0, —0 /) otherwise. The corresponding density is given in Equation 1
(with adjustments for threshold and covariates) and sample likelihood in Equation 6. As shown in Section SM1 of



the Supplementary Material, the asymptotic covariance of maximum likelihood estimators for ¢ and £ in the standard
parameterisation is

S 20%(14¢&) —o(1+¢) )
cov(|o,&]) = 17
=018 Tho 1o
implying that the maximum likelihood estimates show a negative correlation
oA 1
cor(d,§) = — (18)

V2(1+¢€)

Asymptotic correlation between parameter estimates is not a desirable feature for numerical inference. For this reason,
the orthogonal parameterisation, discussed next, is preferred by many in practice.

4.2. Orthogonal (v,§) parameterisation

Following Cox and Reid (1987) and Davison (2003), we can choose instead to parameterise the generalised Pareto
distribution in terms of a pair of orthogonal parameters, namely shape £ and modified scale v = o(1 +¢), where o and
& are the parameters for the standard parameterisation above. The form of the corresponding cumulative distribution
function is obtained by substituting the expression o = v/(1 + &) for £ > —1 in Equation 16. As shown in SM2, the
asymptotic covariance of maximum likelihood estimators for the standard parameterisation is given by

cov([7,8)) = < Vz(loﬁg) (1+O£)2 )

from which we note that parameter estimates E and ¥ are asymptotically uncorrelated, by construction. This is a
desirable feature for numerical inference, since in essence updates for € and 7 can be made independently of each other
in an iterative numerical scheme.

4.8. Mean-mazx (u, ) parameterisation

When £ < 0, random variable Y has an upper end point or maximum ¢ given by ( = —c/¢, where o and £ are the
parameters of the standard parameterisation. In metocean analysis, for a variable like Hg, it is usually reasonable
to assume that an upper end point ( exists. Moreover, the upper end point is often a parameter of direct interest,
e.g. for analysis of (significant) wave height in shallow water. Indeed, it may be the case that physical considerations
allow the value of ( to be fixed, constrained or elicited more naturally than £ or o. It is therefore intuitively appealing
to parameterise the generalised Pareto distribution using . A natural partner parameter for ¢ would then be the
distribution mean u = o /(1 — &), which itself can be interpreted more naturally than either o or £, as the mean excess.
The cumulative distribution function F,, of Y is then given by

(C—m)/
Fm(y;C,é“):l—(l—?o o

for ( > pand ¢ > y > 0. As show in Section SM3, for { > 3u, the asymptotic covariance matrix of the maximum
likelihood estimators is

COV([//L\, a) _ C_72M ( l‘4(<2 — pC + 2#2) _/LBCZ(C —3u) ) (20)

(19)

P2C2(C—p) \ —HPC(C=3m)  CHC—2u)(C — 3p)
and their asymptotic correlation is therefore
~ ¢—3p E(1+29)
=— =y 21
corlp-) “\/(c—zm (€= m(C—2m) +240) ¢1+§2<1+2§> 2!

in terms of £. As shown in Figure SM1 (in Section SM6 of the SM), for £ € (—0.5,0), although the mean-max parameter
estimates are correlated asymptotically, the correlation is smaller in magnitude than that of the parameters of the
standard parameterisation. This makes the mean-max parameterisation relatively more appealing from a numerical
optimisation perspective. We note from Equation 20 that, as might be expected, the variance of the estimator ¢
increases with increasing (; indeed var(¢) ~ (%, despite the fact that £ is restricted to be < 0.



5. Numerical study

In this section, we perform a numerical study using 16 case studies constructed to mimic the characteristics of the
motivating metocean application illustrated in Figure 1, specifically the strong variation in the rate and size of extreme
events with direction. The purpose of the study is to quantify the influence of apparently arbitrary modelling choices
on estimates of omni-directional and directional return values corresponding to a return period of 1000 times the period
of the sample. Inference is performed using maximum penalised likelihood GP inference for peaks over threshold as
outlined in Section 2.1, for different model variants. We quantify the effect of (combinations of) four specific sources
of modelling uncertainty on return value estimation, namely (a) the extreme value model parameterisation, (b) the
relative roughness of GP parameters as a function of covariate, (c) the cross-validation strategy for hyper-parameter
tuning, and (d) the estimator for return value subject to uncertainty, as outlined in Section 2.1-2.2 For comparison
and completeness, we also estimate stationary extreme value models. Section 5.1 introduces the 16 case studies, and
outlines their different characteristics. Section 5.2 then outlines the inferences performed. Results are discussed in
Section 5.3 in terms of the relative bias in estimation of omni-directional return values, and in Section 5.4 for relative
bias in specific directional sectors.

5.1. Case studies

A total of ncas = 16 case studies were constructed motivated by northern and southern North Sea data discussed
in Section 3. Illustrations of typical samples for sample size ngmp = 103 are shown in Figure 2, as a function of a
single covariate z € D = [0,360)° together with variation of upper end point ¢ (blue) and mean excess p (green) on
D. The corresponding sample plot for sample size ngmp = 108, shown in Figure A.2 illustrates for more negative £,

Case 1 Case 2 Case 3 Case 4

Case 9 Case 10 Case 11 Case 12

Case 13 Case 14 Case 15 Case 16

Response (m)

Direction (degrees)

Figure 2: Illustrative samples (black dots) generated from each of Cases 1-16, for a response as a function of direction, for samples of size
103. Also shown per panel is the corresponding conditional distributional mean y (green) and upper end point ¢ (blue). Finally, lines in
red indicate the true return values to be estimated, for directional octants corresponding to a return period of 1000x that of the sample.

that upper end point ( is approached more quickly. Plots of the corresponding variation of o and £ on D are given



in Figure A.1. For the current study, we assume that the rate of occurrence of threshold exceedances is known and
Poisson-distributed. For cases 1, 2, ..., 9 and 16, the density fx(x) of storm occurrence given by

fx(@) xa+b (1 + sign (Sin (mlﬂ-@)) ‘sin (q:lﬂ-@) C) (22)

where a = 0.002, b = 0.04 and ¢ = 0.6, scaled appropriately so that fD fx(x)dr = 1. That is, fx(x) and hence
the directional rate p(z) = pafx(z) of storm occurrence resembles a “flattened” sine function on D, with maximum
at z = 90° and minimum (> 0) at = 270°. For cases 10, 11, ..., 15, the rate is constant on D. From Figures 2,
A.1 and A.2, we observe that the characteristics of the extreme value tail are, by design, quite different at x ~ 270°
compared with the remainder of D for the majority of cases, mimicking the “benign” sector at ~ [90, 180)° observed
in the metocean data (Figure 1) under consideration. We expect therefore that accurate inference for x ~ 270° will be
more challenging than elsewhere. Indeed the subset of Cases 1, 4, 8 and 9 are presumed to be “more similar” to the
southern North Sea metocean sample than the remaining cases, because these cases exhibit both a dominant directional
sector and an effectively “empty” sector, in which observations are relatively more rare and smaller in magnitude. For
the current study we also note, given directional covariate, that the conditional distribution of observations is GP.
Therefore, we adopt an extreme value threshold of zero on D for all non-stationary modelling. For fitting of stationary
GP models, we consider two extreme value threshold choices discussed further in Section 5.2.

5.2. Outline of inference

For each of the ncas = 16 case studies, we generate nrpy = 23 realisations of samples of size ngmp = 103, using
the specification for ¥(z), p(z) and Y|(X = z) given in Section 5.1. For uncertainty quantification, we then generate
npts = D0 bootstrap resamples of the original sample for each case study. We consider a total of nyq modelling
strategies, which can be characterised as follows. Firstly, we consider three combinations of model parameterisation
(orthogonal or mean-max; see Section 4) and relative roughness « (= 10 and = 50; see Section 2.2). For the mean-max
parameterisation, we fix x = 1, but acknowledge that this also could be varied. Secondly, we consider two cross-
validation procedures ((C' = 10,R = 1) and (C' = 2, R = 50); see Section 2.3). Thirdly, we consider two return
value estimator (MQ and QM; see Section 2.4) of interest. Moreover, we also estimate a stationary extreme value
model (using the full sample) for comparison using both MQ and QM estimators. This results in a total of nya) = 14
modelling strategies to be executed. Then for each bootstrap resample of each sample realisation of each case study,
we estimate a non-stationary GP model, with the forms of ¥ (z) (= 0) and p(z) (see Equation 22) assumed known,
focussing on estimation of the GP tail, using each of the ny1q) modelling strategies. In total therefore, the full “kernel”
non-stationary extreme value analysis of a sample size ngmp is executed ncas X NRpt X NBts X NMdl = 3 X 10° times. We
use the fitted models to estimate the relative bias of return value estimates for a return period of 1000x the period of
the original sample.

For clarity and brevity in this section, we use acronyms to refer to the various modelling strategies. The three
combinations of parameterisation and relative roughness penalty are referred to as 0K* (orthogonal parameterisation
with relative roughness penality %) and MM (mean-max), the two combinations of cross-validation procedure as CVx*
(cross-validation with * groups), and the two return value estimators as MQ and QM. The constant fit is simply referred
to as Constant* (where * is the auxiliary threshold non-exceedance probability employed).

Inference is performed using maximum penalised likelihood estimation (see Section 2.1), with cross-validation for
selection of optimal directional roughness coefficient A\. The variation of GP parameters n (€ (v, &) for the orthogonal
parameterisation, and € (u, () for the mean-max parameterisation) on covariate domain D is represented by a spline
model: that is, for a set of ny > 1 index locations uniformly spaced on D, we write the n; x 1 vector n as n = Bf3,
giving the values of 1 at each index location, for pre-specified n; x ngp) B-spline basis matrix B (with ngp > 1 degrees
of freedom; see e.g. Zanini et al. 2020; cubic B-splines are used here). Likelihood roughness penalisation is imposed
using a second difference roughness penalty R(n) = ﬂ;’G'Gﬁn, where ngp X ngp first difference matrix G has elements
G;j;=1fori=j, =—1fori=j+1 and = 0 otherwise, with appropriate adjustments for periodicity (see e.g. Zanini
et al. 2020).

Since the sample exhibits clear non-stationarity, we might expect it to be unreasonable to estimate a stationary
GP model using the full heterogeneous “omni-directional” sample. As mitigation, we define a second “auxiliary”
extreme value threshold, corresponding to the 90*" “marginal” percentile of the sample in each case, estimated ignoring
covariate X. The stationary GP model was then applied to exceedances of this threshold. The expected sample size
for estimation of the stationary GP model is therefore ngmp/10 = 100 (noting that the full sample of ngmp points
were nevertheless used to estimate the second threshold). Note that cross-validation is unnecessary for estimation of
the stationary model, since there is no roughness penalty to tune. We acknowledge that adopting a 90% threshold for
stationary analysis is somewhat arbitrary, but nevertheless represents a not-unreasonable choice. Threshold selection



for extreme value analysis is itself a challenging topic (e.g. Tancredi et al. 2006, Thompson et al. 2009, Wadsworth and
Tawn 2012, Scarrott and MacDonald 2012, Northrop et al. 2017, Mackay and Jonathan 2020, Murphy et al. 2024).

Results are summarised in Sections 5.3 and 5.4 in terms of box-whisker plots for the relative bias of return value
estimates, for a return period of 1000x the period of the sample, under the different modelling strategies over all
repetitions of the sample. We acknowledge that setting the return period to 1000x the period of the sample is
challenging, but not wholly unrealistic: consider estimating a 10,000 year event from 10 years of data.

5.8. Fractional bias in omni-directional return value

Figure 3 gives the relative error in return value estimate for each combination of case and modelling strategy. In each
box-whisker structure, the vertical extent of a box indicates the sample inter-quartile range (qr.,qm). A sample point
s is marked conventionally as an “outlier” if s — gy > 1.5(¢g —qr,) for s > qg or g, —s > 1.5(qy —qr) for s < qr. The
vertical extent of whiskers then indicates the sample range, considering “non-outlier” points only. The outlier points
themselves are then indicated using red crosses. A horizontal line in each panel indicates the optimal outcome of zero
bias.

Inspection of Figure 3 suggests the following: (i) There is systematic negative bias in return value estimates across all
modelling strategies in many cases. The negative bias is particularly large for Cases 3, 10, 11 and 12; (ii) quantile mean
estimates using cross-validation strategy (C' = 10, R = 1) (i.e. 0K10_CV10_QM, MM_CV10_QM,0K50_CV10_QM) tend to be
more positive than all other quantile mean estimates, and all mean quantile estimates, for non-stationary models, for all
cases. These estimates also tend to have large inter-quantile ranges. Moreover, there is little difference in performance
between *_CV10_MQ, *_CV2_MQ and *_CV2_QM strategies for a given model parameterisation; (iii) The mean-max estimates
(blue) tend to be more negatively biased than corresponding estimates using orthogonal parameterisations. There is
little difference between outcomes for ratio of roughness penalties kK = 10 and = 50; (iv) Estimates from stationary
extreme value fits to exceedances of the 90% sample threshold (labelled “Constant0.9+%” in the figure, with box plots
in magenta) are more variable than those from non-stationary models in general. However, the bias characteristics of
stationary estimates are visually no worse than those of estimates from non-stationary models. For further comparison,
we also include stationary estimates using the full sample of ngyp points (labelled “ConstantO*”, cyan), in full
knowledge of the fact that we are fitting a misspecified stationary model to non-stationary data. A priori we would
therefore expect Constant0* estimates to show lower variance, but higher bias than those of Constant0.9*. Generally
speaking, Figure 3 confirms lower variance but, with the notable exception of Case 13, there seems visually to be little
difference in general bias characteristics for the ConstantO* and Constant0.9* inferences.

The bias effect (i) can be explained in part by inspection of estimated parameters in Figures 4 and 5, where we
compare inferences for Cases 5 and 10 under the orthogonal parameterisation with roughness ratio x = 10, and the
mean-max parameterisation. For the orthogonal parameterisation, estimates for Case 5 on left hand side of Figure 4
reflect the low rate of occurrence of events at around 270° (see Figure 2). This makes identification of the specific
characteristics of GP shape £ and scale ¢ there impossible; the sample is simply not sufficiently informative in this
region of the covariate domain. Therefore, the values of estimated parameters in this region tend to be inferred form
neighbouring regions of the covariate domain. However, the low rate of occurrence at around 270° also means that
estimating this region well in the GP inference is less important from the perspective of estimating the return value,
at least for return periods of interest in ocean engineering. For the orthogonal parameterisation and Case 10 (on the
right hand side of Figure 4), the sample is informative (since the rate of occurrence is now constant with direction; see
Figure 2) for the whole covariate domain. The inference fails to recover the full extent of variability in £ and o, with
the bootstrap 95% uncertainty band for estimated £ covers the true parameter values everywhere except for around
90° and around 270°. Note further that each sample of size 10° illustrated in Figure A.2 corresponds to a sample
1000x as large as that used for inference in this section. That is, the maxima observed in Figure A.2 as a function
of direction are observations for precisely the return period of interest. For Case 5, this maximum ( varies relatively
smoothly with direction on its domain. For Case 10 however, ( varies relatively quickly with direction at around 90°,
but more smoothly elsewhere. Lack of fit around 90° results in underestimation of omni-directional return values for
Case 10. Estimates for the mean p under the mean-max parameterisation (Figure 5) are excellent as might be hoped,
with 95% bootstrap uncertainty bands covering the true parameter variation on the covariate domain. However, the
sample is not at all informative about the directional variation of the upper end point; hence an effectively constant
estimate of ( is inferred, leading (as for inference using the orthogonal parameterisation) to underestimation of return
value for Case 10.

Effect (ii) can be explained by the fact that cross-validation strategy (C' = 10, R = 1) tends to produce more variable
parameter estimates than (C' = 2, R = 50). Coupled with the fact that QM estimates tend to be larger than those using
MQ (see Section 2.4), we observed that modelling strategies *_CV10_QM tend to produce large estimates. We speculate
that effect (iii) is due to the fact that the mean-max parameterisation imposes smoothness directly on the upper end
point as a function of direction, and hence tends to produce smoother models than the orthogonal parameterisation.

10
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Figure 3: Fractional bias of return values for each of Cases 1-16, corresponding to a return period of 1000x the period of the data,
over nRpy X NBts repetitions of the sample. Colours distinguish model fits as follows: green (orthogonal parameterisation, x = 10); blue
(mean-max parameterisation); red (orthogonal parameterisation, x = 50); magenta (stationary fit, full sample); and cyan (stationary fit
with 90% auxiliary “marginal” threshold). Models are specified in terms of parameterisation (“0”, “MM” and “Constant”), value of k (“10”
or “50” for orthogonal parameterisation only), cross-validation strategy (“CV10” and “CV2”, for all but constant models) and return value
estimator (“MQ” and “QM”). In each panel, the vertical extent of a box indicates the sample inter-quartile range, and whiskers the sample
“non-outlier” range. Red crosses indicate “outliers”, as defined at the start of Section 5.3. Star symbols at the maximum value of fractional
bias for a given model indicate that at least one outlier has been censored at this level. A horizontal black line is included in each panel,
corresponding to zero fractional bias.

The relative performance of stationary fits (effect (iv)) is perhaps to be expected. If the auxiliary threshold is set high
enough, then intuitively inspection of Figure A.2 suggests that we can effectively eliminate covariate non-stationarity in
the sub-sample of auxiliary threshold exceedances, at least for some of the cases, so that the tail of the omni-directional
distribution is well-approximated by a GP. Given this, we would expect a stationary model to perform relatively well
in terms of fractional bias (see e.g. Mackay et al. 2010). However, the resulting reduced sample size suggests that the
variance of return value estimates would be large. Case 13 is interesting because the true upper end point of the GP
distribution is constant with direction (see Figure 2). We might therefore expect that a mean-max model with heavily
penalised max parameter ( would perform well. Inspection of box-whiskers in Figure 3 corresponding to MM* models
(in blue) shows that this is generally the case.

Figure 6 summarises Figure 3 by aggregating over multiple cases. Specifically, a box-whisker structure in the left
hand panel of Figure 6 summarises a sample of return value estimates corresponding to all repetitions of all cases,
for a given modelling strategy. The right-hand panel aggregates only over Cases 1, 4, 8 and 9 similar to the southern
North Sea metocean sample. Comparison of left and right hand panels indicates that different modelling strategies
may be appropriate, depending on the characteristics of the sample. Figure 6 suggest that most if not all the modelling
strategies are competitive for estimation of the omni-directional return value. Over all case studies, modelling strategies

11
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Figure 4: Parameter estimates for £ (top) and o (bottom) for modelling strategy 0K10_CV2_* aggregated over npts samples for each of ngrp
repetitions for Case 5 (left) and Case 10 (right). In each panel, true parameter variation on the covariate domain is shown as a full black
line. Estimates from extreme value modelling are summarised in terms of the mean over bootstraps and repetitions (full coloured line),
and in terms of a central 95% (bootstrap and repetition) uncertainty band (dashed coloured lines).
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Figure 5: Parameter estimates for p (top) and ¢ (bottom) for modelling strategies MM_CV2_% aggregated over npys samples for each of nrp
repetitions for Case 5 (left) and Case 10 (right). In each panel, true parameter variation on the covariate domain is shown as a full black
line. Estimates from extreme value modelling are summarised in terms of the mean over bootstraps and repetitions (full coloured line),
and in terms of a central 95% (bootstrap and repetition) uncertainty band (dashed coloured lines).

*_CV10_QM are relatively unbiased (for the current choice of case studies) but show increased variance compared to non-
stationary competitors. For the southern North Sea-like case studies, variances are generally lower for strategies other
than *_CV10_QM. Return value estimates from stationary models perform relatively well in terms of bias, but exhibit
higher variance compared to the best of the alternatives. However, we stress that the drawing of general conclusions
from the figure would be unwise, since the relative performance of different modelling strategies is influenced by the
specific characteristics of the case studies considered.
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Figure 6: Fractional bias of return values aggregated over all cases, corresponding to a return period of 1000x the period of the data, for
all cases (left) and Cases 1, 4, 8 and 9 (resembling southern North Sea conditions, right). For other details, see Figure 3.

5.4. Fractional bias in directional-octant return value

In this section, we assess the performance of different approaches to non-stationary GP inference for directional
sectors of width 45° centred on cardinal directions 0°, 90°, 180° and 270° in terms of fractional bias of return value
estimates for a return period 1000x as long as the period of the sample. Results for directional sectors centred at
0° and 270° are given in the main text; results for the remaining sectors are given in Section SM7. Note that, since
typical sample size for estimation of the constant model is small in each of the sectors, the constant model is only
estimated using all available data in the sector. We consider this a reasonable assumption given that the sample per
directional sector will be relatively homogeneous. Further, the sector rate of occurrence of events is assumed known.

For directional sectors centred at 0° and 180°, Figures 7 and SM4 indicate that estimates from constant models
are more negative, and more variable than those from corresponding non-stationary models. When non-stationary
inference overestimates return values (e.g. Cases 10-12), this can be advantageous; however when non-stationary
inference performs reasonably (e.g. Case 5, 14), estimates from constant models show negative bias. Over all cases,
Figures 8 and SM5 summarise behaviour, suggesting that the range of fractional bias is approximately +0.5. Fractional
biases are somewhat smaller for SNS-like cases. For the directional sector centred at 90°, Figures SM2 and SM3 suggest
that estimates from constant models are generally similar to those from non-stationary models, but tend to be more
variable. The range of fractional bias is approximately £0.6 over all cases, but slightly smaller for SNS-like cases.

For the directional sector centred at 270°, Figures 9 shows that the fractional bias of estimates from the constant
model vary considerably between cases; they are also generally lower than non-stationary estimates. In some cases,
estimates from constant models are spectacularly bad (e.g. Cases 3, 5, 6). In other cases, where non-stationary inference
overestimates (e.g. Cases 10, 11), estimates from constant models show less bias. The summary plot Figure 10 shows
that the typical range of fractional bias is much greater than +1 (and see Figure SM6 and SM7 for comparison, for a
truncated y-axis).

Inspection of results corresponding to Case 13 (for which max parameter ¢ is constant on the covariate domain) for
all four directional sectors (in Figures 7, 9, SM2 and SM4) again indicates excellent performance from the mean-max
parameterisations MM+ (shown in blue).
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Figure 7: Fractional bias of return values for each of Cases 1-16, corresponding to a return period of 1000x the period of the data, for
directional sector [—22.5,22.5)°. For other details, see Figure 3.
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Figure 8: Fractional bias of return values aggregated over all cases, corresponding to a return period of 1000x the period of the data, for
directional sector [—22.5,22.5)°, for northern North Sea (left) and southern North Sea (right). For other details, see Figure 3.
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Figure 9: Fractional bias of return values for each of Cases 1-16, corresponding to a return period of 1000x the period of the data, for
directional sector [247.5,292.5)°. For other details, see Figure 3.
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Figure 10: Fractional bias of return values aggregated over all cases, corresponding to a return period of 1000x the period of the data, for
directional sector [247.5,292.5)°, for northern North Sea (left) and southern North Sea (right). For other details, see Figure 3.
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6. Discussion and conclusions

This paper addresses the effect of choice of high-level tuning parameters on the performance of non-stationary extreme
value modelling for peaks over threshold using the generalised Pareto distribution. Specifically we examine the effect
of (a) extreme value model parameterisation, (b) relative roughness of GP parameters as a function of covariate, (c)
cross-validation strategy for hyper-parameter tuning, and (d) estimator for return value subject to uncertainty on the
estimation of return values corresponding to return periods 1000x the period of the sample. Samples of size 1000 are
assumed for inference, using maximum penalised likelihood inference with spline representations for the variation of
generalised Pareto parameters on the covariate domain.

We can use regression analysis to quantify the trends observed in the figures summarising results in Sections 5.3
and 5.4. Tables 1 and SM2 (in the SM) give the values of t-statistics for regression coefficients from a regression
model for the natural logarithm of the fractional absolute bias (FAB) of different modelling strategies and case studies,
represented in terms of categorical “treatment” dummy variables. Modelling strategy 0K10_CV10_MQ on Case 1 is used
as the base or reference treatment, with all other strategy-case combinations compared to it. The regression model
takes the form

ny 1y

log(FAB) = Intercept + Z Z bjrrji + N(0,0%) (23)
j=1k=1

for each of ny categorical variates, each with n; levels, j = 1,2, ..., p, representing the combined effect of case, model
parameterisation and roughness penalty ratio, cross-validation strategy and return value estimator. We assume a
Gaussian error with mean zero and standard deviation v. The tables report the values of t-statistics bjx/sejy, for all
combination of j, k, where gjk is the estimate of b;;, from the regression, and se;, is the standard error of the parameter
estimate from the regression. t-statistics with absolute values > 3 are typically considered to indicate significant effects.
We caution that the regression analysis is intended only to be indicative of the trends in FAB observed in the results of

t-statistic [0,360)° [—22.5,22.5)° [67.5,112.5)° [157.5,202.5)° [247.5,292.5)°
QM -8.3 2.5 -14.7 3.6 10.1
Cv2 7.6 0.1 12.3 0.6 8.6
MM 2.7 -0.2 5.6 0.3 7.7
0K50 1.1 -3.6 1.7 -4.1 4.3
ConstantO 6.5 28.8 6.5 28.5 18.6
Constant0.9 -0.2 - - - -
Case2 -0.1 -1.5 -0.7 -0.6 -8.4
Case3 7.5 -2.6 -0.5 -0.7 -0.1
Case4 2.5 5.7 4.9 7.7 -1.5
Caseb 4.7 6.5 8.1 4.6 -14.4
Caseb 1.7 7.2 5.6 6.3 -13.9
Case7 -1.6 -4.1 0.7 -4.3 6.8
Case8 -1.5 -0.9 0.5 -0.3 -10.1
Case9 -1.0 -2.3 -0.2 -1.1 -12.6
Casel0 17.3 0.9 20.8 3.4 -14.0
Casell 18.4 2.3 22.1 5.1 -14.5
Casel2 20.7 2.6 24.5 5.4 -14.6
Casel3 11.2 7.5 2.7 5.8 -15.7
Casel4 0.2 1.6 7.9 -0.5 -15.6
Caselb 10.2 6.8 13.3 4.7 -8.5
Casel6 5.2 8.6 6.6 9.5 1.9

Table 1: t-statistics of regression coefficients for regression of fractional absolute bias (on log scale) on modelling strategy and case for all
16 case studies, relative to strategy 0K10_CV10_MQ on Case 1 as reference. When the absolute value of a t-statistic is large (> 3 for sample
size > 20) there is strong evidence that the corresponding value of regression parameter b, (Equation 23) is non-zero.

the simulation study, and that the regression should probably also include some interaction terms to more adequately
capture the variability in FAB; we choose not to do this for simplicity of presentation. Negative values of t-statistics
in the table indicate effects which reduce the fractional absolute bias of different modelling strategies, and hence
indicate more satisfactory strategies. The results in the tables quantify the features noted from inspection of figures
in Section 5. Over the full set of case studies, for the omni-directional regression in column 2 of Table 1, we see large
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effects due to choice of case study; the poor performance of models for Cases 10-12 is clear in particular. We also see
a large detrimental effect due to cross-validation strategy CV2 relative to CV10. Constant models with zero threshold
(Constant0%*) also yield poor performance; however with high threshold, the Constant0.9* model is competitive with
0K10_CV10_MQ. For the four directional octants considered, columns 3-6 of the table again indicate two main features:
the consistent poor performance of the ConstantO#* strategy, and the large variability in model performance across
case studies, especially for directional octants centred on 90° and 270°. Table SM2 provides corresponding results for
the southern North Sea - like cases. For estimation of return values using Constant* models, note that the generally
non-stationary rate of occurrence of events is assumed known; only the conditional GP tail function is assumed not
to vary directionally. We do not claim that assuming a stationary GP model on the full covariate domain D to make
inferences for specific directional sectors is necessarily optimal. For this purpose, perhaps estimation of piecewise
constant covariate model on D (e.g. Towe et al. 2024) would be preferable; however, as threshold level increases,
decreasing sample size and parsimony typically dictates that the optimal piecewise constant covariate model converges
to the stationary GP model.

More generally, results from our numerical study reveal trends that we might have anticipated beforehand. For exam-
ple, compared to using multiple 2-group cross-validation, employing 10-fold cross-validation for roughness parameter
estimation tends to produce models with higher variability on the covariate domain, and hence higher return value
estimates. Further, return value estimates obtained using the quantile mean (QM) estimator tend to be larger than
those obtained using the mean quantile (MQ) estimator (see e.g. Jonathan et al. 2021).

The choice of model parameterisation appears to have little effect on the quality of return value inference, except
for cases where it is known that the upper end point ¢ can reasonably be expected to be constant on the covariate
domain. In this case, there is evidence to favour the mean-max parameterisation. Further, the choice of roughness
penalty ratio (see Section 2.2) also appears to have little effect.

In terms of estimation of omni-directional return values, inference using stationary models with an appropriately-
chosen high threshold is often competitive in terms of bias if not variance; however this is not always the case. However,
we caution that the choice of 16 cases examined in this work may not be representative of the characteristics of tails of
distributions of metocean variables with covariate of interest to the practitioner (say, for a given location). Nevertheless,
the extent of bias and variance in return values observed is hopefully indicative of what might be anticipated in practice.

For estimation of return values for directional octants, results using non-stationary models mimic those for omni-
directional inference. For directional octants which are reasonably populated in the sample, non-stationary models
estimates often perform well; estimates from stationary models are generally lower and more variable. Low rate of
occurrence of events in the octant of interest is unsurprisingly a key indicator of highly variable performance from all
modelling strategies; fractional biases of around +0.3 are typical for non-stationary models, compared to around -0.2
for stationary models. Given the rather pathological behaviour imposed around 270° for some of the cases considered,
it is likely that the relative performance of different modelling strategies observed for directional octants centred at 0°,
90° and 180° might be more reflective of the relative behaviour of non-stationary and stationary inference we might
expect in practice.

In summary, results from the current numerical study broadly representative of North Sea conditions for significant
wave height with direction, indicate that (i) multiple two-group cross-validation yields lower estimates that ten-group
cross-validation (leading to negative bias on average, for the case studies considered), (ii) the quantile of the bootstrap
predictive estimator yields larger values than the mean over bootstraps of the quantile estimate (leading to reduced
omni-directional bias for the case studies considered). Further, (iii) the use of stationary models for non-stationary tails
is only reasonable when a high extreme value threshold is set for the stationary analysis. However, (iv) the relative
performance of different modelling strategies is very sensitive to the specific characteristics of the case study. The
study suggests that, except for replacing the MQ return value estimator with QM, the default strategy 0K10_CV10_MQ
used historically by the authors is generally reasonable.
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Appendices
A. Tllustrations of the 16 case studies considered in the numerical study

A.1. Standard generalised Pareto parameter variation for the 16 case studies

Figure A.1 shows the variation of the generalised Pareto shape parameter £ (blue) and scale parameter o (orange)
with direction for each of the 16 case studies introduced in Section 5 and illustrated in Figures 2 and A.2.
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Figure A.1: Variation of the generalised Pareto shape parameter ¢ (blue; left hand y-axis) and scale parameter o (red; right hand y-axis)
with direction for each of the 16 case studies introduced in Section 5.1 of the main text.
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A.2. Sample plots for sample

Case 1

Case 2

size 10, with mean-maz generalised Pareto parameter

Case 3

variation for the 16 case studies

Case 4

Case 5

Case 6

Case 7

Case 8

Case 9

Case 10

180
Case 11

Case 12

Case 13

Case 14

Case 15

Case 16

40

w
=3

Response (m)

180
Direction (degrees)

270

Figure A.2: Illustrative samples (black dots) generated from each of Cases 1-16, for a response as a function of direction, for samples of
size 106. Also shown per panel is the corresponding conditional distributional mean u (green) and upper end point ¢ (blue). Notice that
the upper end point is approached more rapidly for some combinations of cases and directions. Compare with Figure 2 of Section 5.1 of

the main text.
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Supplementary Material
Practical non-stationary extreme value analysis of peaks over
threshold using the generalised Pareto distribution: estimating
uncertainties in return values

Stan Tendijck, David Randell, Graham Feld, Philip Jonathan

Overview

Sections SM1-SM5 of this supplementary material (SM) provide a derivation of the asymptotic covariance
structure for maximum likelihood parameter estimates for the generalised Pareto (GP) distribution under
each of the standard (o, £), orthogonal (v, ) and mean-max (1, () parameterisations, as defined in the main
paper. Section SM1 provides the motivating strategy. SM2 gives a table of expectations of useful functions
of GP parameters under the different parameterisations. Sections SM3-5 then derive expressions for the
asymptotic covariance matrix of parameters, and the asymptotic correlation between parameters, under the
standard, orthogonal and mean-max parameterisations in turn.

In addition, Section SM6-SMS8 provide figures and a table supporting the discussion of results in Sec-
tions 5-6 of the main text.

SM1 Strategy

Let Y be a random variable with a distribution parameterised using 8 = (6,,...,0,) € © for some p > 1.
Let F(- | ) denote its distribution function and f(- | 8) its density function. Let Y7,Y5,... be a sequence
of independent random variables that have the same distribution as Y, and denote {y1,...,yn} as a sample
of n realisations of Y7,...,Y,, for n > 1. Let én denote the maximum likelihood estimator of 6.

Under some regularity conditions, it can be proven that

Vi (6, -0) BN (0, 1(6)7)

where 3 denotes convergence in distribution, N(0,I7') is a multivariate normal distribution with p x 1
vector mean 0 and covariance matrix I~ !, where I is the p x p Fisher information matrix with elements

82
I10);;,=-E|———1ogf(Y |0 fori,j=1,2,...,p.
(O)i5 =~ | g 0 S 10)] o i »
So, our strategy is to calculate the inverse of the Fisher information matrix for each reparameterisation.
The covariance would be on the off-diagonal elements and the correlation of two coefficients would be the
covariance scaled with the product of the square root of their respective variance.



SM2 Expectations of functions of generalised Pareto-distributed
random variables

Expectation Value Expectation Value Expectation Value
- L v L ¢ C—p
E_o-i—&Y} 1+¢ E[u-&-ﬁ(l-&-f)Y} 1+¢ EL‘—Y] ¢—2u
[ o2 1 V2 1 c? C—p
t | (0 +€Y)° 1+2¢ F (v +E(L+6Y) 1+2¢ E{(cfw] ¢—3p
[ Y 1 148y 1 { Y ] 1
E»a—l—fY} 1+¢ E|:V+§(1+€)Y:| 1+¢ E (=Y ¢—2u
B oY } 1 B [ (14+8)Y } B {Y(Q( - Y)} 24
Lo +&Y)? (1 +&1+2¢) (v +£(1+9Y)? v(1+&(1+20) (€-Y)? ¢ —3u
B Y2 } 2 B { (1+¢)2Y? }
L(o+&Y)? (1+8)(1+2¢) v+ +9Y)? 1+ +2¢)
F [log (1+%>} ¢ E[log (1+M)} ¢ E{log (1—%)} —ﬁ

Table SM1: Expectations of useful functions of GP parameters under the standard (o, &) (left), orthogonal
(v, &) (centre) and mean-max (u, ¢) (right) parameterisations. Domains for parameters are given at the start
of Sections SM3-SM5 in turn.

SM3 Standard parameterisation

Let Y be a random variable with a generalised Pareto distribution with scale ¢ > 0 and shape £ > —0.5.
The negative log-density £(y;0,&) of YV is

(y;0,€) =logo + (1 + 1) log (1 + ’5y> .
£ o

To calculate the inverse expected Hessian of the negative log-density, we start by calculating the first order
partial derivatives of ¢ with respect to o and £&. Then, we calculate all the second order partial derivatives
and take their expectations to get the negative expected Hessian. After, we take the inverse of the negative
expected Hessian to calculate the covariance of the maximum likelihood estimators, and, finally, we find
their asymptotic correlation.

The first order partial derivatives of ¢ are given by

o, o_1_ (1 oY
&T(y70'7f)—0+(£+1) R
_ 1 y(1+9)
o o(o+&y)
and Y, | ¢ |
) __ sy 2 Y
eV o8 = 521°g<1+o>+(5“) e



The second order partial derivatives of ¢ are given by
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Using Table SM1, we calculate the coefficients of the expected negative Hessian as follows:
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which implies that the asymptotic correlation p(d, é) of the maximum likelihood estimators is equal to
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P 1) 1167 21t

SM4 Orthogonal parameterisation

Let Y be a random variable with a generalised Pareto distribution with adjusted scale v > 0 and shape
& > —0.5. The negative log-density £(y;v, &) of YV is

U(y;v,€) =logv —log(1+¢) + (2 + 1) log (1 + W) .

To calculate the inverse expected Hessian of the negative log-density, we start by calculating the first order
partial derivatives of ¢ with respect to v and £. Then, we calculate all the second order partial derivatives
and take their expectations to get the negative expected Hessian. After, we take the inverse of the negative
expected Hessian to calculate the covariance of the maximum likelihood estimators, and, finally, we find
their asymptotic correlation.

The first order partial derivatives of ¢ are given by
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Using Table SM1, we calculate the coefficients of the expected negative Hessian as follows:
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which implies that the asymptotic correlation p(P, é) of the maximum likelihood estimators is equal to zero,
as would be expected for the orthogonal parameterisation.



SM5 Mean-max parameterisation

Let Y be a random variable with a generalised Pareto distribution with mean p > 0 and max ¢ > 3u. The
negative log-density ¢(y;v,&) of YV is

(y; 11, ¢) = log p+log ¢ —log(C — p) — (i - 2) -log (1 - Z) :
To calculate the inverse expected Hessian of the negative log-density, we start by calculating the first order
partial derivatives of ¢ with respect to v and £. Then, we calculate all the second order partial derivatives
and take their expectations to get the negative expected Hessian. After, we take the inverse of the negative
expected Hessian to calculate the covariance of the maximum likelihood estimators, and, finally, we find
their asymptotic correlation.
The first order partial derivatives of £ are given by
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The second order partial derivatives of ¢ are given by
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Using Table SM1, we calculate the coefficients of the expected negative Hessian as follows:
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where we used the fact that
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Hence the asymptotic correlation of the maximum likelihood estimators is equal to
V(G = uC +2u2) - /CHE — 2p) (¢ — 3p)

_ ¢—3u
(C% = puC +2p%)(¢ —2p)

This expression can be simplified in terms of the shape £ as follows

. £2(1 +2¢)
p(it,¢) = — TH e+ 2)




SM6 Asymptotic correlation of parameter estimates from stan-
dard and mean-max parameterisations

Figure SM1 illustrated the asymptotic correlation of parameter estimates from standard (red) and mean-max
parameterisations (black), as a function of £, for £ € (—0.5,0).

0.2

-04 1

061

Correlation

-0.8 1

0.5 0.4 -0.3 -0.2 0.1 0
3

Figure SM1: Asymptotic correlation of parameter estimates from standard (red) and mean-max parameter-
isations (black), as a function of &.

SM7 Fractional bias in directional-octant return value

Fractional bias of return value estimates for directional sectors of width 45° centred at 0° and 270° are given
in the main text in Section 5.4. Here, we show corresponding results for directional sectors of width 45°
centred on 90° and 180°. We also show additional versions of Figures 9 and 10 of the main text (for the
directional sector centred on 270°), with fractional bias axis limited to £1.



Figure SM2: Fractional bias of return values for each of Cases 1-16, corresponding to a return period of
1000x the period of the data, for directional sector [67.5,112.5)°. For other details, see Figure 3 of main
text.
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Figure SM3: Fractional bias of return values aggregated over all cases, corresponding to a return period of
1000x the period of the data, for directional sector [67.5,112.5)°, for northern North Sea (left) and southern
North Sea (right). For other details, see Figure 3 of main text.
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Figure SM4: Fractional bias of return values for each of Cases 1
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text.
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Figure SM5: Fractional bias of return values aggregated over all cases, corresponding to a return period of
1000x the period of the data, for directional sector [157.5,202.5)°, for northern North Sea (left) and southern
North Sea (right). For other details, see Figure 3 of main text.
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Figure SM6: Fractional bias of return values for each of Cases 1-16, corresponding to a return period of

1000x the period of the data, for directional sector [247.5,292.5)°. Vertical axis of fractional bias restricted
to +1. For other details, see Figure 3.
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Figure SM7: Fractional bias of return values aggregated over all cases, corresponding to a return period of
1000x the period of the data, for directional sector [247.5,292.5)°, for northern North Sea (left) and southern
North Sea (right). Vertical axis of fractional bias restricted to £1. For other details, see Figure 3.
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SMS8 Regression analysis to interpret fractional absolute bias

Table SM2 provides t-statistics for regression coefficients for southern North Sea - like cases, to complement
Table 1 of the main text (for performance over all 16 case studies). See Section 6 of the main text for further
details.

t-statistic [0,360)° [—22.5,22.5)° [67.5,112.5)° [157.5,202.5)° [247.5,292.5)°
QM 3.8 3.1 -3.3 3.6 9.5
Cv2 -4.0 0.6 -0.3 -0.2 6.0
MM -2.4 -0.1 0.7 -0.1 -7.8
0K50 -1.6 -2.3 -0.6 -1.9 -3.2
ConstantO -3.2 13.7 5.6 12.6 2.1
Constant0.9 1.6 - - - -
Cased 2.5 6.7 7.9 8.4 -1.9
Case8 -2.7 -0.9 0.6 -0.2 -11.0
Case9 -1.6 -2.6 -0.6 -1.2 -13.7

Table SM2: t-statistics of regression coefficients for regression of fractional absolute bias (on log scale) on
modelling strategy and case for southern North Sea - like case studies, relative to strategy 0K10-CV10-MQ on
Case 1 as reference.
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